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➡ Model: Chiral Hydro
➡ Application: Inhomogeneities
➡ A closer look: Viscosity
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Gell-Mann Levy - Model

Finite Temperatures:
One-loop effective Potential

q and q have been integrated out to generate the effective 
Potential for the chiral fields φa

L = q [iγµ∂µ − g(σ + iγ5$τ · $π)] q +
1

2
(∂µσ∂µσ + ∂µ$π∂µ$π) − U(σ,$π)

U(σ,"π) =
λ2

4
(σ2 + "π2

− v
2)2 − hqσ − U0 φa = (σ,#π)

Veff(φa, T, µ) = U(φa) − dqT

∫

d3p

(2π)3

{

log
(

1 + e−
E+µ

T

)

+ log
(

1 + e−
E−µ

T

)}

E =
√

p2 + (gφ)2
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Chiral Field acts as 
Order Parameter
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Coupled Dynamics of Field and Fluid

Coupling of field 
and fluid:

€ 

∂µ Tfluid
µν + Tfield

µν( ) = 0

Field:

Equations of Motion:

Fluid:

€ 

φa +
δVeff
δφa

= 0

∂µjµ = ∂µ(ρuµ) = 0

∂µTµν

fluid
= ∂µ [(e + p)uµuν

− pgµν ]

p = p(e, ρ, φ) = −(Veff(e, ρ, φ) − U(φa))

 Scavenius, Mocsy, Mishustin, Rischke; Phys. Rev. C64 045202, 2001 
 Paech, Stöcker, Dumitru Phys.Rev.C68:044907, 2003 

Chiral Hydrodynamics
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Effective Potential and Equation of State

Crossover
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1st Order Transition

Effective Potential and Equation of State
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Initial Conditions

x

y

δσ

P [δσ]

µ = T = 0
σ = 93 MeV

z

T > Tc

µ > µc

σ ≈ 0

!π = 0
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Results: Evolution of Baryon- and Energydensity
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Results: Time dependence of Baryon Density
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Results: Density Inhomogeneities
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Results: Density Inhomogeneities
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Ideal Hydrodynamics:

Nα = nuα

local rest frame:

T
00

= e

N
0

= n u
i
= 0

u
0

= 1

Tαβ = (p + e)uαuβ − pgαβ

= euαuβ − pHαβ Hαβ = gαβ − uαuβ

uα = γ(1,"v)

Viscosity
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Nα = nuα + δNα

Tαβ = (p + e)uαuβ − pgαβ + δTαβ

= euαuβ − pHαβ + δTαβ

Non-Ideal Hydrodynamics:

local rest frame:

T
00

= e

N
0

= n u
i
= 0

u
0

= 1

Hαβ = gαβ − uαuβ

uα = γ(1,"v)

Landau frame:
Eckart frame: δNα = 0

δT 0i = 0

Viscosity
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Viscosity

Nα = nuα + δNα

Tαβ = (p + e)uαuβ − pgαβ + δTαβ

= euαuβ − pHαβ + δTαβ Hαβ = gαβ − uαuβ

uα = γ(1,"v)

δTαβ = − η HαγHβδ Wγδ

− ζ Hαβ ∂γuγ

− χ (Hγαuβ + Hγβuα) Qγ

Eckart
frame:

Wαβ = ∂βuα + ∂αuβ −
2
3
gαβ ∂γuγ

shear viscosity

bulk viscosity

heat conduction

Qα = ∂αT + T (u · ∂) uα

Non-Ideal Hydrodynamics:
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Viscosity

δN = τchem

(
dδN

dt
+

dNeq

dt

)
offset from equilibrium:

dN

dt
= − 1

τchem
(N −Neq) δN ≡ N −Neq

➠

(slow expansion)δP =
(

∂p

∂n

)

e

δn = −
(

∂p

∂n

)

e

τchem
dneq

dt

=
(

∂p

∂n

)

e

τchem neq∇ · $v

coefficient of bulk viscosity ζ
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Viscosity

〈R(t)R(t′)〉 = A δ(t − t′)

∂2σ(t)
∂t2

+ Γ
∂σ(t)

∂t
+ m2

σ (σ(t)− σeq(t)) = R(t) scalar mean field

〈δσ〉 = −m2
σσ̇eq

T

∫ 0

−∞
dt′〈σ(0)σ(t′)〉

〈δσ〉 = − Γ
m2

σ(T )
dσeq

dt

linear response theory

➠

coefficient of bulk viscosity ζ

δP =
(

∂p

∂σ

)

e

Γ
m2

σ

dσeq

ds
s∇ · $v
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Viscosity

Linear Sigma Model

1st order when 
g > 3.5549

crossover when 
g < 3.5549

For μ=0:

ζ = −
(

∂p

∂σ

)

e

Γ
m2

σ(T )
σ̇eq
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Viscosity

ζ ζ

ζ
ζζ

ζ
1st order when 
g > 3.5549

crossover when 
g < 3.5549

g = 3.4

Linear Sigma Model

ζ = −
(

∂p

∂σ

)

e

Γ
m2

σ(T )
σ̇eq

For μ=0:

Bjorken expansion
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Summary and Outlook

❖ Non-equilibrium dynamics of the chiral phase transition 

❖ non-eq dynamics of order parameter field can lead to large 

density inhomogeneities: ∆e/e0, ∆ρ/ρ0 ~ 1

❖ ∆e  and ∆ρ depends on structure of Veff:  larger effect in the 
regime of 1st-O transitions than for crossover

❖ Bulk viscosity can alternatively can be included through 
explicit evolution of chemistry or fields and could become 
important near Tc


